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The general problem of stationary, longitudinal flow of a conducting
fluid over a cylindrical surface under the influence of a magnetic field
and suction or blowing was investigated in [1]. As a result of an
investigation of the basic equations, a class of exact solutions was
found for the case where the longitudinal components of the velocity

and field depend only on the coordinate normal to the surface. Several
possibilities for obtaining exact solutions with a more complicated
structure were also indicated. Below, an example of such a solution is
constructed for the problem of flow over a porous plate,

Let us consider a porous cylindrical surface in a flow of viscous,
incompressible fluid directed along the generatrix, oriented along the
z-axis. Let us assume, following [1], that the velocity and magnetic
field vectors have the form

V=V, + e, Vo= (x,y) ez v, (x,9) e, v=1,(2,9)
H::H—L"Fhez. H_L:: Hx<Tvy) ex+I[y(Iwy) eg[, thz(x)yy Z)

Putting these expressions in the general equations of magnetohydro-
dynamics, we find, first of all, that h = z28(x, y) + ho(x, y) and

PV IV, = — Tt Ll H sy, (vzex%uy%) 1)
V, VH, =M, )YV +vu oH divV_L=0 (2)

divH, =—, 24+ V, A8 =C 3)
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VJ_VO = vy, A0 (4)

1 1
PV, Vo= — P2¢4?H_LVho+Eeho+nAv

V, Vho= H| v — 0v-- vn/Ah,

The constants C and Pz are related to the gradient of the.full pres-
sure by the equation

*®
'%I;—':CZQ'Pz (P*=P+——>
With the first group of equations of this system, (1) to (4), to-
gether with the proper boundary conditions and the equations for the
medium interior to the flow, it 1s possible to find the transverse velo-
city V |, the transverse field H  , and the function 6(x, y). Equation
(4) 1s not independent. It may be found from the first of equations (2)
by taking the operation div.

Once V_L, H n and © are found, v and h0 are determined from system
(5). Thus the general problem separates into two, & linear and a non-
linear one, which can be solved successively. System (1) to (5) is
applicable not only to external flow problems but also to problems of
internal flow in tubes, under the condition that the fluid which is
blown in over one part of the wall is all sucked away over another part,
and the mass flow in the basic direction remains constant.

Equations (1) to (2) coincide exactly with the corresponding equa-
tions for the plane problem of magnetohydrodynamics; instead of the
usual equation div H | = 0, here there are two equations (3), contain-
ing an additional unknown, scalar function €. If 6 = 0, then C = 0, and
system (1) to (3) coincides entirely with the equations of the plane
problem. Therefore, each solution of the latter also satisfies system
(1) to (3) and generates a corresponding exact solution of system (5).

This case, with R L= aV_L, a = const and rot V L =0, 1is considered in

(1].

The second equation of (3) is also satisfied indentically for arbi-
trary 6 = const, different from zero. However, this does not exhaust the
possible solutions of system (1) to (3). A simple exact solution with
0 = const, in terms of tabulated functions, can be obtained by assuming
that, over the whole flow field, the vectors V 1 and H | preserve a con-
stant direction, for example, along the y-axis. In this case, after
elimination of 6 equations (1) to (3) take the form
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ap* — 1 H oH 62011

= T Twmlvy Vam vy = vy (@) (6)

oH #H,  &H oH, \? H
v v = ____y ¥ y Y b H v = C 7
! oy V"‘( 3z 6y2) ( 3y ) Vo @

The second equation of (7) can be integrated hy quadratures, the re-
sult containing two arbitrary functions of x. Putting this result into
the remaining equation, it can be shown that vy = vy = const, while Hy
has one of two forms

H,= H, = const, H, = Hy " (Hy = const, @ = vg [ V) (8)

In the first case, 6 = C = 0; this solution belongs to the class
which was investigated in [l]. It was used in [2-31 for flows in a half-
space, and in (4-6] it was applied to flow between parallel walls.* The
second case corresponds to 6 = - Hom exp wy and C = ¢. We may note that
equations (8) may also be found by another approach, by looking, as in
[7], for plane magnetic fields which give rise to flows with a given
structure for the velocity vector.

Let us investigate equations (5) further, for an exponentially vary-
ing magnetic field under the assumption that v and h0 depend only on y

dv . a wy dho ) = _p ._2021 myh d*v 9

vo (p dy in dy 27T 4nvy, ¢ ho M ay? ®
dh wy dv fvefa d*h

vy (-Fy—o—,_ae Ud—y)_—;-vom—eyv—kvmw; (@= Hy /vg) (10)

For finding the pressure, we shall have, from (1)

op* _ vola?

— e2wy
dy 4nvey

Integrating (10) with respect to y, we obtain

Vin Ohy vohy = ¢cE — avere®? (11)
dy

where £ = Ex = const is the electric field component. After elimination
of ho' = wh, from (9) and (11), we have

2, 2 . .
v vy dv _ a’® opey_ Pr__ cE1 ey (El voaL)

dy? v dy  4av,m " 4nv,,

* The literature on this question is by no means exhausted with the
cited references. Only the most recent papers are mentioned here; the
necessary bibliographical information may be found in them.
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or, putting § = 9

e

The general solution of this equation has the form

v = B [ColymE) + Cy K¢ (mb)] — & [K. (mk) S (&. _ & &) 1,(m¥) E1-0 gt —

o? n 4nvey

—1,(m§>g(’; 2 _ 2Py K, (m%)’é“"dé] (13)

4TV,

Here, Is and Ks are Bessel functions of imaginary argument.

The quantity h; is found from (11) by quadrature

oo G £]

With formulas (13) and (14), one can investigate the boundary value
problems of flow in a half-space and between parallel walls. For example,
for flow in a half-space y > 0 with suction at the boundary (v, < 0),
the constants Cl' Cz' C3 and E can be easily related to the limiting
values of v and ho, by putting

v v, hy—h, fory-—ooco (£-0)
v—>uv,, hy—h, fory—-0 (-1 (19)
These conditions are satisfied by the solution

1
v=F§° {CJa (mE) + CaK , (mE) — 220 S[Ks (m) Is (mt) — K (me) I, (mf)] t‘sdt}

4nno
- (16)
1
h
=t(c,— E S at E=—"C"% p,—9¢ 17
n=t(Cs vo§+azv<t> ) ( 2, P,=0) (17
¢y =1 K, () [T el ¢ I, (mt) 1= dt
1T Is(m)’{”"’ g [2s-lr<s> Tma ) ]}
0
v, m? avohool

Cy

= — \ 1 t) t=3dt, Cyg=hy—h
21T (3) lm'!]m& s (m1) 3= o™ foo
0
The shearing stress on the boundary, 7,6 = n(%/dy) -, corresponding
to the velocity distribution (16), is expressed in the form

1
—  Pvem 1 Voo M _ tvoho -8 18
Ty = 23_12_(’;5 {vw 18—1 (m) -——rn— [28—1 T 4:‘"“) § 13 (mt) 4 dt]} ( )
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From this, we obtain for m << 1

avoh ,m )

T = Py | vy — v, - 2
v ° ( ® & 8nnw s

For m» = 0, this formula becomes the usual hydrodynamic relation,
To = P”o(”u — vy). If the wall is at rest and the magnetic field
vanishes at infinity (v, = hy, = 0), then, as may be seen from (18), the
quantity ITW' decreases monotonically with increasing .

After finding the distributions of velocity and magnetic field, the
temperature field can be calculated. We start with the energy equation
in the form

mv@0€%—+v~%;>:kﬂT+’Z:'b%?Y‘Fn({%Jz (19)

Going over to the variables § and [ = wz, we obtain

(1_ﬁ11_n>§37;+L T _ 1 (_82T 4_k,&a?_T),, 1 (g ah)2+ 1 (E dvv)"

ot ' vy 0L P, \ 32 9t | " hmpeg \° GE 2scp \° dE
Pp= B¥m ho= = Gk - by (8) <0

Here, the functionms ho(g) and v(§) are known from equations (16) and
(17). We further denote

. §2 holz 2)’2 > o 1]0 P . E:Hn‘l
= =2 ) = — ——¢h, g = —-
Q Cn (47!9 + 2s & 2npe, 0 Q. 4aipey,

and look for a solution of (20) in the form
T="To () +ET, () + 57T, ()

We obtain for the functioms Ti(§) the system

ot R v 1 vt sama o 20
1 P—m) By = g BT+ G (1_P—m)§T1 BT Q- 2T
— Y Nery = e ory - P
(1 Pm)m po @ TV 2T — 2 Tit Q 1)

with the conditions
T=Too when y = oo (§ - 0), T =T, wheny =0 (E,—»i) (22)

From (21) we find by quadrature

1
T, _ 2T dt ‘
To=T —R(i_l__z__ >_+ .
0 S N e y2m Qo 3 (23)
0
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H[retes (B e S

%  Pm T vo  Pm
. - :
7= @ (B o) o { (2N _g) & -
To E R vo E
0 13
1
p ’ 20T -1-P H2 P -2
_t'm 2 ) mgr T. = o Ym 2(EtmT S
:\ (2 — @)t : 1= e n B 1)
From here, the formula for heat flux at the wall is
1
or Hyv,, © (20T, dt
o == k(7)o = ko 0wt - ea ) (B = @) T -
Q
1
T 2T dt
_Pm[Tw—TOO+ S (ELﬁ - Qo) EP] (24)
0

For vy ™ 0, the solution (16), (17) and (23) obtained above goes over
into the solution of the problem with uniform transverse field {8].
since, in that case H_ - const and © - 0. Therefore, as may be easily
shown, it is not a generalization of the results of [7]. where a plane
problem of the type

= e,v (y), H=H,(ye,+ (8 +hy(y) e, 6 =const

was investigated, notwithstanding their apparent similarity. We may note
that the solution of [7] has an axisymmetric analog (see, for example,
[9]). while the problem investigated above has no such analog: it is
easy to prove that, for v_ ¥ 0 and aﬂz/az # 0, the magnetohydrodynamic
equations do not allow & solution of the form

V=y,(r)e. +v,(r)e, H=H,(r)e.+ Hg(r)eg< H,{(r,2) e,

It should be stated, in closing, that the practical realization of
the situation described by the obtained solution is very difficult.
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